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ABSTRACT
Aerosol water uptake and the related influence on its optical properties owing to the
hygroscopic growth of polydisperse aerosols have a significant effect on air quality and
climate. This study develops an analytical parameterization for a single hygroscopic
optical parameter and the scattering enhancement factor for polydisperse aerosol sizes.
Polydisperse lognormal size distributions for geometric mean diameters of 0.05–1 mm and
geometric standard deviations of 1.3–2.5 are considered with real refractive indices
between 1.35 and 1.6. The analytical expression obtained for the optical parameter is
compared to Mie theory and reasonable agreements within the size range investigated
in this study are observed. Further, our results show that the analytical expression could
express polydispersed aerosol optical properties as a function of geometric mean diam-
eter and geometric standard deviation of a lognormal distribution and the refractive
index. The obtained analytical expression can be efficiently used for 3D models with a
reduced computational burden.
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1. Introduction

The hygroscopic growth of aerosols is related to
meteorological, chemical, and physical properties
(Junge and McLaren 1971; Shulman et al. 1996;
McFiggans et al. 2006; Petters and Kreidenweis 2007).
The aerosol hygroscopic growth factor indicates the
relative increase in the mobility diameter of particles
due to water absorption at a specific relative humidity
(RH). Prediction of hygroscopic growth factors
require detailed knowledge of particle chemical com-
position and a thermodynamic model, which describes
the concentration dependence of the water (Eichler
et al. 2008; Kreidenweis et al. 2008; Laskina et al.
2015; Sorooshian et al. 2008; Wexler and Clegg 2002).

The growth factor (GF) attributed to aerosol hygro-
scopic growth can be specified by following Equation
(1).

GF RHð Þ ¼ Vwet RHð Þ
Vs

! "1=3

¼ Vs þ Vw RHð Þ
Vs

! "1=3

¼ 1þ Vw RHð Þ
Vs

! "1=3

(1)

where Vwetð¼ Vs þ VwÞ, Vs, and Vw are the volumes
of wet aerosol, dry aerosol, and water, respectively.
According to Petters and Kreidenweis (2007), aerosol
hygroscopic growth can be approximated using the
single hygroscopicity parameter (j) and water activity
(awÞ: The relation is expressed as follows:

1
aw

¼ 1þ j
Vs

Vw
(2)

Here, aw is the water activity in the solution and
can be replaced by RH, if the Kelvin effect is omitted.
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The Kelvin effect becomes negligible for particles
larger than 50 nm in radius. Many studies justify the
replacement of water activity with RH (Kuang et al.
2017; Li et al. 2014; Park and Lee 2000; Seinfeld and
Pandis 2016; Topping et al. 2005; Zhao et al. 2022;
Zieger et al. 2010).

It should be noted that j is widely used in studies
of aerosol hygroscopic growth and cloud condensation
nucleus activation (Petters and Kreidenweis 2007; Yu
et al. 2018; Zhao et al. 2022). From Equation (2), Vw

can be expressed as follows (Petters and Kreidenweis
2007), disregarding the Kelvin (curvature) effects
(RH ¼ aw) (Park and Lee 2000):

Vw ¼ Vs
jRH

100% RH
(3)

Water uptake by aerosol particles significantly
influences aerosol optical properties and climate
(Horvath 1996; Haywood and Boucher 2000).

The quantification of the scattering enhancement
factor, f(RH), is essential for determining the response
of aerosol optical properties to hygroscopic growth at
various ambient RH conditions.

The f(RH) can be introduced to quantify the effect
of hygroscopic growth on aerosol scattering.

Here, f(RH) is defined as the ratio of scattering
coefficient for dry and wet aerosol at enhanced RH
conditions (Covert et al. 1972; Lagrosas et al. 2019;
Pitchford et al. 2007; Zhang et al. 2014; Zieger et al.
2010):

f RHð Þ ¼ bscaðRHÞ
bscaðdryÞ

(4)

where bsca(RH) and bsca(dry) are the aerosol light scat-
tering coefficients under RH and dry conditions,
respectively. When RH <40%, we assume the dry
aerosol with no water uptake and f(RH) is 1 (Covert
et al. 1972; Chen et al. 2014; Pitchford et al. 2007).
Several measurement stations, such as those involved
in the ACTRIS or GAW (WMO/GAW, 2003) net-
works, perform routine measurements of aerosol
optical and physical properties at dry conditions (RH
<40%) (Titos et al. 2016).

One of the important characteristics of bsca is poly-
dispersity. bsca can be expressed as a function of par-
ticle size and refractive index (m).

bsca ¼
ðdp,max

0
Qsca dp,m

$ % p
4
d2pnðdpÞddp (5)

where Qsca dp,m
$ %

, dp, max, and d represent the single
particle scattering efficiency, maximum particle diam-
eter, and derivative symbol, respectively (Seinfeld and

Pandis 2016). All the optical properties calculated in
this study are at a wavelength of 550 nm.

f(RH) values are influenced by the aerosol number
size distribution, wavelength, and chemical composition
corresponding to refractive index and hygroscopicity
(Zieger et al. 2013). Here, the aerosol refractive index is
closely related to aerosol composition (Chen et al. 2014).

For a given RH and chemical composition, differ-
ent aerosol size distributions should yield different
f(RH) (Moln"ar et al. 2020; Pitchford et al. 2007).
Under the lognormal aerosol size distribution assump-
tion, f(RH) should be expressed as a function of aero-
sol geometric mean diameter (dg0) and geometric
standard deviation (GSD) of dry aerosol. Previous
studies often have neglected the effect of size distribu-
tion on f(RH) (Malm et al. 1994; Han et al. 2021).
Malm et al. (1994) developed IMPROVE (Interagency
Monitoring of Protected Visual Environments) algo-
rithm for estimating light extinction by using recon-
structed method. The effects of the uptake of water
are estimated by the f(RH) as a function of relative
humidity (RH). Malm et al. (1994) did not consider
aerosol size distribution. Pitchford et al. (2007) revised
the IMPROVE equation for small- and large-mode
particles with associated f(RH). Although Pitchford
et al. (2007) consider small and large mode particles
in estimating f(RH), the effect of polydisperse size dis-
tribution cannot be estimated. Jung et al. (2021)
developed an approximate formula for the f(RH) of a
polydisperse size distribution of ammonium sulfate
and NaCl from the computed mass growth factors
based on aerosol thermodynamic models using Mie
theory. Their study had difficulty dealing with various
internally mixed aerosols. Thus, simple parameteriza-
tions of hygroscopic growth factors for polydisperse
aerosols are useful and challenging instead of adopting
a complicated numerical approach (Jung et al. 2021).

One way to parameterize f(RH) is based on a single
hygroscopic optical parameter (jsca) (Brock et al. 2016;
Yu et al. 2018). This parameterization scheme estimates
f(RH) as a function of RH and jsca: Brock et al. (2016)
developed a parameterization for f(RH) from j-K€ohler
and Mie theories. This parameterization is given by

f RHð Þ ¼ 1þ jsca
RH

100% RH
(6)

Here, the fitted parameter, jsca, is useful because it
is a single optical parameter for hygroscopicity and is
related to j: However, determining jsca at a given j
for polydisperse size using Mie theory is numerically
complex and computationally expensive.

In this study, we analytically parameterized jsca
and f(RH) for polydisperse aerosol sizes. Here jsca can
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be fitted based on Mie calculations. The effects of
refractive indices and lognormal size distribution were
considered. The parameterized jsca and f(RH) were
compared with results calculated using Mie theory,
with different size distribution parameters. The hygro-
scopic properties of current parameterization and
existing reconstructed expression were compared with
each other from the 3-D Weather Research &
Forecasting Model/Community Multiscale Air Quality
Modeling (WRFv3.8.1/CMAQv5.2.1) simulation.

2. Methods

2.1. Aerosol mixing state

In estimating aerosol hygroscopicity, the assumption
of the mixing state is critical. Usually, the aerosol mix-
ing state in the ambient atmosphere ranges between
the external mixture, where each particle is composed
of a single species, and an internal mixture, where all
particles are assumed to be the same chemical com-
position. Many studies quantified the importance of
mixing states for aerosol optical properties through
optical closure studies (Koike et al. 2014; Yu et al.
2018). The internal mixture assumption is generally
known to lead to an underestimation of the volume
scattering coefficients. The relative errors for the scat-
tering coefficient, for example, reached up to %32%.
(Yao et al. 2022). Erlick et al. (2011) used the core-shell
assumption to calculate how the optical properties of
internally-mixed brown carbon-inorganic particles dif-
fered between liquid-liquid phase separated particles
and homogeneously-mixed particles. The maximum
relative difference in the single scattering albedo was
25% (Fard et al. 2018; Stevens and Dastoor 2019).

In spite of these discrepancies between mixing
assumptions, many studies rely on simplifying assump-
tions of aerosol mixing state for computational efficiency
(Yao et al. 2022). In this study, we investigated aerosol
hygroscopicity based on the internally mixed aerosol
assumption. The hygroscopicity parameter (j) to sim-
plify the complex physicochemical properties of particle
hygroscopicity (Petters and Kreidenweis 2007) is intro-
duced. Based on the ZSR mixing rule (Stokes and
Robinson 1966; Zdanovskii 1948), j of multicomponent
aerosol particles is obtained by the volume-weighted j
of every single component (Levin et al. 2014; Petters
and Kreidenweis 2007; Yu et al. 2018).

j ¼
X

i

eiji (7)

where ji and ei are the hygroscopicity parameter and
volume fraction of the ith individual components,

respectively. Typically, an internally mixed continental
aerosol is assumed to have a representative hygrosco-
picity parameter, j, of 0.3 (Levin 2014; Wang et al.
2018). Organic aerosols usually have lower j (Petters
and Kreidenweis 2007). For example, Shingler et al.
(2016) reported j values for different air mass types
as 0.12 for agricultural burning, 0.11 for wildfires,
0.21 for biogenic, and 0.28 for urban aerosol. j values
for marine aerosols have been reported to be larger
than continental aerosols. j values for pure sea salt
could be as much as 1.24 (Almeida et al. 2019;
Cuevas-Robles et al. 2021). It should be noted that the
volume does not change by mixing because all the
properties regarding particle mixings are based on
volume-weighted assumptions.

2.2. Refractive index

The complex refractive index is fundamental to aero-
sol optical parameters such as the single scattering
albedo and asymmetry parameter. Knowing the value
of the refractive index is critical in modeling the
optical properties of aerosols and predicting radiative
forcing on regional and global scales. The real (mr)
and imaginary (mi) parts of the refractive index indi-
cate scattering and absorption, respectively, which are
determined by the particles’ chemical composition
(He et al. 2018). There are many previous studies
regarding the range of the aerosol refractive index.
For example, past measurement studies of ambient
aerosol particles have reported a wide range of mr val-
ues, usually between 1.4 and 1.6 (e.g., Dubovik et al.
2002; Ferrare et al. 1998; Guyon et al. 2003; Wang
and Rood 2008). Some other studies reported the
range of mr values for secondary organic aerosol as
1.35–1.6 (Moise et al. 2015). According to Bain et al.
(2019), the complex refractive index of aqueous salt
solutions has a mr between 1.3 and 1.6 and an mi

that is typically on the magnitude of 10%9 to 10%6 at
optical frequencies. Both the mr and mi vary with
wavelength. The mi is largely ignored when discussing
aqueous atmospheric aerosol particles and is usually
set to 0 in calculations. According to Jur"anyi and
Weller (2019), the highest possible estimate of the
error we make if we would neglect the mi never
exceeds 1.7% when considering 4& 10%3i instead of
0.0i. In this study, we ignored the imaginary part of
the refractive index.

As a particle becomes larger by taking up water at
higher RH, it will become more dilute, and the index
of refraction will become closer to that of water
('1.33 at 550 nm, Seinfeld and Pandis 2016). In this
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study, the dilution effects of the refractive index and
related changes in optical properties are considered.
The effective refractive index for a mixture of aerosols
can be calculated by using the values of the complex
refractive index and the volume fraction of each aero-
sol component or the volume averaging mixing rule.
It is assumed that all the specific components of aero-
sols make a homogenous mixture (Levoni et al. 1997;
Mico et al. 2019).

mr RHð Þ ¼
mr,DryVs þ nr,wVwðRHÞ

Vs þ VwðRHÞ
(8)

where mrðRHÞ, mr,Dry and nr,w are the refractive
index at RH, dry aerosol and water, respectively.

Figure 1 shows the change in the mr(RH) and
dg(RH)/dg0 as a function of RH. j of 0.1, 0.3, and 0.5
are compared. As shown in Figure 1a, the refractive
index, which was initially 1.4, 1.5, and 1.6, respect-
ively, decreases and approaches 1.33 as RH increases.
The decreasing tendency strengthens as j increases
because of increasing water content. Figure 1b shows
that dg increase as RH increases because of dilution
with water. Figure 1b also exhibits that dg(RH)/dg0
increases as j increases.

2.3. Procedure for the parameterization

Figure 2 shows the schematic for the acquisition and
parameterization of the jsca and f(RH) for polydisperse
aerosols. A summary of the procedure for this study is
provided below. Based on a given GSD, dg0, and refract-
ive index, the bext(dry) can be calculated using Mie the-
ory. Here we assumed the wavelength of visibility
(550nm). Mie scattering code in this study is based on
the BHMIE subroutine for calculating scattering and
absorption by spheres (Bohren and Huffman 1983).
Aerosol absorption was neglected and then the extinc-
tion coefficient (bext) is assumed to be identical to the
scattering coefficient (bext ¼ bsca). We can calculate the
new wet aerosol size distribution due to the addition of
water and hygroscopic growth.bsca(RH) was calculated
based on Mie theory using the wet size distribution and
refractive index, which accounts for the change in par-
ticle volume and refractive index due to the addition of
water. The volume of water (Vw) can be calculated from
Equation (3) at a given j and RH. Here, we assumed
that the aerosol size retained a lognormal size distribu-
tion and GSD is invariant under the assumption that
the change of GSD is relatively marginal compared with
the change of dg0. Such an assumption is generally help-
ful for computational stability because of its simplicity
(Binkowski, 1999; Binkowski and Roselle 2003). The

degree of hygroscopicity depends on the composition.
This assumption is applicable under the internal mixing
assumption. From the calculated f(RH) for polydisperse
aerosol sizes based on Equations (4) and (5), jsca can be
fitted and parameterized as a function of the size distri-
bution parameter using a refractive index via multilinear
regression in the range of RH 40–95%. A detailed
description of the size-resolved analytic parameterization
of jsca is provided in Section 2.4.

The size dependency of the hygroscopic growth
factor of the particle in the range of dg0 of 0.05–1 mm
with GSD of 1.3–2.5 was investigated (Table 1). The
variation in mr was also considered within the range
of 1.35–1.6 at the wavelength of 550 nm. We consider
various j of 0.1, 0.3, 0.5, 0.7, and 1.24.

For the application, we used meteorological infor-
mation and aerosol concentrations obtained from
WRFv3.8.1/CMAQv5.2.1 model simulations (Byun
and Schere 2006). The simulation periods for model
running were during the six weeks (01 May 2016 to
12 June 2016) of the KORUS-AQ (a joint Korea-
United States Air Quality Study) campaign (Crawford
et al. 2021). In the simulation, the grid spacing is

Figure 1. Changes in the (a) real refractive index (mr(RH)) and
(b) ratio between wet aerosol geometric mean diameter at RH
and dry aerosol geometric mean diameter (dg(RH/)dg0) as a
function of RH for different j (40% < RH < 95%) ( :
j¼ 0.1; : j¼ 0.3; : j¼ 0.5).
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15 km & 15 km horizontally and 17 vertical sigma lev-
els with the model top at 50 hPa. For the input of
emission data, the simulation took into account the
KORUS v5.0 (https://aisl.konkuk.ac.kr/#/emission_
data/korus-aq_emissions), MEGAN-MACC (https://
eccad.aeris-data.fr/), and FINNv1.5 (https://www.acom.
ucar.edu/Data/fire/) inventories for anthropogenic, bio-
genic, and fire emission sources, respectively. Other
detailed model configurations were discussed by Han
et al. (2021).

2.4. Analytic parameterization of size-resolved jsca
and f(RH)

If the aerosol size distribution is assumed to be log-
normal, jsca at a given j can be expressed as a func-
tion of mr, dg0, and GSD of dry aerosol.

jsca ¼ gðmr, dg0, GSDÞ (9)

We propose the analytic expression of jsca using sim-
ple parameterizations. First, the calculated jsca for

polydisperse aerosols can be fitted as a power function
of dg0.

jsca ¼ a&dg0
b (10)

where a and b are coefficients for fitting jsca at differ-
ent GSD, mr, and j values.

Second, based on Mie-based calculations, a and b
can be linearly approximated as a function of GSD for
a given mr and j:

a ¼ a1GSDþ a2,

b ¼ b1GSDþ b2 (11)

Here, a1, a2, b1, and b2 can be approximated as
functions of mr. Subsequently, the resulting analytic
formulae of jsca for the polydispersed aerosol were
expressed as a function of the dg0 and GSD by com-
bining Equations (10) and (11) as follows:

jsca ¼ ða1GSDþ a2Þdg0ðb1GSDþb2Þ (12)

In Equation (12), coefficients can be expressed as a
function of mr:

a1 ¼ a11mr þ a12,

a2 ¼ C,

b1 ¼ b11m þ b12,

b2 ¼ b21mr þ b22 (13)

where a11, a12, b11, b12, b21, and b22 are the fitted
coefficients representing a1, b1, and b2 as a function of
mr from the linear regression. a2 is a constant (C).
Here, we approximated the coefficients as a function

Figure 2. Stepwise process for the parameterization of jsca and f(RH).

Table 1. Experimental conditions for study cases (at the dry
aerosol condition).
Parameter Case Unit

Single hygroscopicity
parameter (j)

0.1, 0.3, 0.5, 0.7, 1.24 –

Dry aerosol geometric mean
diameter (dg0)

0.05–1.0
(15-point, 7-point, 4-point)

mm

Geometric standard
deviation (GSD)

1.3, 1.5, 1.7, 1.9, 2.1, 2.3, 2.5 –

Dry aerosol real refractive
index (mr)

1.35, 1.4, 1.45, 1.5, 1.55, 1.6 –
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for a1, a2, b1, and b2. Combining Equations (12) and
(13), the resultant jsca for polydisperse aerosols can be
expressed as follows:

jsca mr, GSD, dg0
$ %

¼ ðða11mr þ a12ÞGSDþ a2Þ

& dg0
ððb11mrþb12Þ&GSDþðb21mrþb22ÞÞ

(14)

From Equations (6) and (14), corresponding f(RH)
can be given:

f RHð Þ ¼ 1þ a11mr þ a12ð ÞGSDþ a2ð Þ

& dg0
ððb11mrþb12Þ&GSDþðb21mrþb22ÞÞ RH

100% RH
(15)

The coefficients for resultant parameterization are
summarized in Table 2 and Figure S1. The resultant
analytic expression for jsca and f(RH) depend on the
aerosol size distribution and refractive index for a
given j:

3. Results and discussion

Figure 3 shows jsca as a function of dg0 and GSD for
different mr. mr of 1.4, 1.5, and 1.6 with j of 0.5 was
considered. As Figure 3 shows, jsca depends on size
distribution. jsca decreases as dg0 and GSD increase.
Figure 3 shows that jsca also depends on mr. Figures
3a–c show jsca decreases as mr increases, especially for
small dg0. This tendency is from the optical calculation
of a complex function of refractive index, hygrosco-
picity, and size distribution (Contours of jsca can be
seen in Figure S2). According to Jung et al. (2021),
f(RH) from Mie calculations show f(RH) decreases as
dg0 and GSD increase, and this is because of the size
dependency of aerosol hygroscopicity. The size ten-
dencies of jsca shown in Figure 3 are related to that
of f(RH). Size-dependent jsca, with other j values
(0.1, 0.3, 0.7, and 1.24), are shown in Figures S3–S7,
which show that the jsca decreases as j decreases. As
shown in Figure 3, the significant change in jsca is
mainly for small GSD and dg0.

In order to explicitly discuss the sensitivity of size
distribution and refractive index on jsca, we calculated

how jsca varies as a function of dg0, GSD, and mr.
Table 3 shows how djsca=dlndg0, djsca=dGSD, and
djsca=dmr change in the range of dg0 of 0.05–1mm,
GSD of 1.3–2.5, and mr of 1.35–1.6. As shown in
Table 3, djsca=dlndg0 becomes more negative as dg0
decreases. For example, djsca=dlndg0 is %0.59, when
dg0 ranges between 0.1 and 0.2 mm and %0.13 when
dg0 ranges between 0.5 and 0.6mm at GSD and mr of
1.5 and 1.45, respectively. The negative djsca=dlndg0
means jsca decreases as dg0 increases. The slope of
decreasing jsca becomes stiffer at small dg0 and flatten
as dg0 increases. djsca=dGSD and djsca=dmr also shows

Table 2. Summary of the resultant approximation of jsca for
different values of j (0.1, 0.3, 0.5, 0.7, and 1.24). (jsca ¼
ða11 &mr þ a12Þ& GSDþ a2Þ& dððb11&mrþb12Þ&GSDþðb21&mrþb22ÞÞ

g ).
j a11 a12 a2 b11 b12 b21 b22
0.1 5.70E-3 %3.70E-3 4.00E-2 %2.92E-1 8.32E-1 1.67E0 %3.50E0
0.3 2.23E-2 %7.80E-3 7.00E-2 %5.57E-1 1.39E0 2.26E0 %4.82E0
0.5 3.53E-2 9.00E-4 7.00E-2 %6.86E-1 1.70E0 2.56E0 %5.54E0
0.7 4.71E-2 7.20E-3 7.00E-2 %7.55E-1 1.88E0 3.25E0 %6.74E0
1.24 7.33E-2 2.23E-2 7.00E-2 %8.53E-1 2.17E0 2.94E0 %6.67E0

Figure 3. jsca as a function of dg0 with different GSDs at
j¼ 0.5, when (a) mr¼1.4, (b) mr¼ 1.5, and (c) mr¼ 1.6. ( :
GSD¼ 1.3; : GSD ¼ 1.5; : GSD ¼ 1.7; : GSD¼ 2.5).
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a similar tendency. The slope of jsca, djsca=dGSD,
and djsca=dmr are negative and flatten as GSD and mr

increase. djsca=dGSD is %2.2 when GSD ranges
between 1.3–1.5 and %0.48 when GSD ranges between
1.9 and 2.1 at dg0 and mr of 0.1 mm and 1.45,
respectively. djsca=dmr is %4.3 when mr ranges
between 1.4–1.45 and %1.8 when mr ranges between
1.55 and 1.6 at dg0 and GSD of 0.1 mm and 1.5,
respectively. These results show that the slope of jsca
is closely related to the size distribution parameter as
well as mr, and more sensitive at small sizes with nar-
row distribution. Figure S8 shows these relationships
graphically.

Figure 4 shows the comparison between the calcu-
lated jsca, obtained using Mie theory and the approxi-
mated jsca from Equation (12). The jsca at j of 0.3
(Figure 4a) and 0.5 (Figure 4b) are shown and
more comparisons with other j values are shown in
Figure S9. As Figure 4 shows, the analytically approxi-
mated jsca is comparable to Mie calculated jsca, with
the slope of 0.98 and 0.94 for j of 0.3 and 0.5,
respectively. The approximation from this study is

from statistical fitting based on Mie theory and the
results show that the slope is underestimated for more
hygroscopic aerosols (larger j) compared with less
hygroscopic aerosols. Tables S1–S5 compare the calcu-
lated and analytically approximated jsca for different
j values. The results showed that the obtained
approximated expressions from this study were accur-
ate, with an error of %21.3% 16.4%, %25.8% 22.6%,
and %31.3% 25.1%, for a j of 0.1, 0.3, and 0.5,
respectively, with GSD ranging from 1.3 to 2.5 and
dg0 ranging from 0.05 to 1mm. In our approach, we
approximated the optical parameters, jsca, based on a
15-point approximation; however, the accuracy
depends on the number of parameter fits. Tables S6–
S10 and Figures S11–S15 compare the parameters and
show how the accuracy of estimation changes when
the number of parameterization points changes from
15 to 4. Here, the points are the number of values
used for linear regressions.

jsca and j are related, but substantially different
parameters that can be coupled using Mie theory and the
particle size distribution function (Brock et al. 2016).

Table 3. Sensitivity of jsca with size-resolved parameter (GSD, dg0) and refractive index (mr).
(a) djsca/dlndg0 (j¼ 0.5, mr¼ 1.45).

GSD
Range (dg0, mm) 1.3 1.5 1.7 1.9 2.1 2.3 2.5

0.05-0.06 %9.3E-01 %1.0Eþ 00 %6.7E-01 %4.1E-01 %2.6E-01 %1.7E-01 %1.2E-01
0.06-0.07 %1.2Eþ 00 %9.8E-01 %6.0E-01 %3.7E-01 %2.4E-01 %1.6E-01 %1.1E-01
0.07-0.08 %1.3Eþ 00 %9.0E-01 %5.5E-01 %3.4E-01 %2.2E-01 %1.4E-01 %9.9E-02
0.08-0.09 %1.3Eþ 00 %8.3E-01 %5.1E-01 %3.1E-01 %2.0E-01 %1.3E-01 %9.1E-02
0.09-0.1 %1.2Eþ 00 %7.7E-01 %4.7E-01 %2.9E-01 %1.9E-01 %1.2E-01 %8.4E-02
0.1-0.2 %9.1E-01 %5.9E-01 %3.6E-01 %2.2E-01 %1.4E-01 %8.9E-02 %5.8E-02
0.2-0.3 %6.2E-01 %4.0E-01 %2.4E-01 %1.4E-01 %7.8E-02 %4.5E-02 %2.6E-02
0.3-0.4 %4.7E-01 %3.0E-01 %1.6E-01 %8.1E-02 %4.1E-02 %2.0E-02 %9.0E-03
0.4-0.5 %4.0E-01 %2.1E-01 %9.6E-02 %4.3E-02 %1.8E-02 %6.0E-03 %3.4E-04
0.5-0.6 %3.3E-01 %1.3E-01 %4.8E-02 %1.6E-02 %3.3E-03 2.2E-03 4.0E-03
0.6-0.7 %2.3E-01 %6.2E-02 %1.3E-02 8.2E-04 5.4E-03 6.7E-03 5.8E-03
0.7-0.8 %1.1E-01 %2.7E-03 1.0E-02 1.1E-02 1.0E-02 8.9E-03 6.2E-03
0.8-0.9 2.0E-02 3.9E-02 2.4E-02 1.6E-02 1.3E-02 9.7E-03 5.7E-03
0.9-1.0 1.3E-01 6.2E-02 3.0E-02 1.9E-02 1.3E-02 9.7E-03 4.6E-03

(b) djsca/dGSD (j¼ 0.5, mr¼1.45).

dg0 (mm)
Range (GSD) 0.05 0.1 0.5 1.0

1.3-1.5 %3.1Eþ 00 %2.2Eþ 00 %2.2E-01 %2.2E-01
1.5-1.7 %2.7Eþ 00 %1.5Eþ 00 %4.8E-02 %4.8E-02
1.7-1.9 %1.6Eþ 00 %8.6E-01 5.8E-04 5.8E-04
1.9-2.1 %9.2E-01 %4.8E-01 1.1E-02 1.1E-02
2.1-2.3 %5.3E-01 %2.7E-01 1.3E-02 1.3E-02
2.3-2.5 %3.2E-01 %1.6E-01 1.2E-02 1.2E-02

(c) djsca/dmr (j¼ 0.5, GSD ¼ 1.5).

dg0 (mm)
Range (mr) 0.05 0.1 0.5 1.0

1.3-1.35 %1.4Eþ 01 %9.4Eþ 00 %1.2Eþ 00 1.3E-01
1.35-1.4 %9.4Eþ 00 %6.2Eþ 00 %7.0E-01 1.9E-01
1.4-1.45 %6.6Eþ 00 %4.3Eþ 00 %4.0E-01 1.9E-01
1.45-1.5 %4.8Eþ 00 %3.1Eþ 00 %2.2E-01 1.6E-01
1.5-1.55 %3.6Eþ 00 %2.4Eþ 00 %9.9E-02 1.1E-01
1.55-1.6 %2.8Eþ 00 %1.8Eþ 00 %1.9E-02 7.0E-02
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Figure 5 shows the jsca/j as a function of dg0 and
GSD with j values of 0.3 and 0.5. The mr of 1.5 is
considered. Other results at j values of 0.1, 0.7, and
1.24 are shown in Figure S10. As Figure 5 shows, the
jsca/j ratio decreases as the dg0 and GSD increase.
This means that the jsca/j ratio decreases as the poly-
dispersity of aerosol size distribution increases. This
might be because large GSD includes larger particles
compared to that of smaller GSD, which lowers the
jsca. The optical properties of hygroscopic polydis-
persed aerosol can be obtained from Mie theory.

Comparing jsca/j with different j values shows
that the jsca/j ratio increases as j increases for small
dg0. Figure 5 also shows that the currently obtained
approximation agrees well with Mie calculation results
for polydisperse aerosol size tendencies. It should be
noted that the range of jsca=j depends on dg0, mr,
and GSD. A close relationship between jsca and j was
reported by several observational studies (Brock et al.
2016; Kuang et al. 2017; Yu et al. 2018). Based on j

derived from aerosol size distributions and f(RH)
measurements, Kuang et al. (2017) estimated jsca=j
from a site in the North China Plains to range
between 0.55 and 0.81, which varies with a particle
size distribution, with smaller particles having rela-
tively higher ratios. According to Brock et al. (2016),
jsca/j for a typical accumulation mode is expected to
be 0.5 to 1, which is similar to that in the current
study when the geometric mean diameter is in the
range of 0.1–0.2 mm. The direct comparison of jsca=j
between observation and this study was unavailable
because of the lack of data regarding aerosol size dis-
tribution. Our theoretical study quantitively deter-
mined the jsca/j ratio for polydisperse aerosols using
analytic formulae.

Figure 6 compares f(RH) as a function of RH
between numerically calculated and analytically
approximated solutions. A j value of 0.5 was consid-
ered for different size distributions with dg0 of 0.1 and
0.7 mm with a GSD of 1.5 and 1.9, respectively. The

Figure 4. Comparison between the Mie calculated and approximated jsca for mr¼1.5 in the range of GSD of 1.3–2.5 and dg0 of
0.05' 1 mm, when (a) j¼ 0.3 and (b) j¼ 0.5.
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circle symbol stands for approximated values, and
solid, dash-dotted, and dashed lines represent Mie cal-
culated values at different size distributions. As Figure
6 shows, the Mie-calculated and approximated values
are consistent with each other. Figure 6 also shows
that the f(RH) depends on size distribution. Among
the given size distribution conditions, the results show
higher f(RH) at dg0 of 0.1 mm than at dg0 of 0.7 mm. It
also shows higher f(RH) at GSD of 1.5 than at GSD
of 1.9 when dg0 is 0.1 mm. From these results, we can
infer that f(RH) decreases as GSD and dg0 increase.
Previous studies, including the results for ammonium
sulfate from Malm et al. (1994), do not consider size
distribution in estimating f(RH).

Figure 7 shows the comparisons of the f(RH)
between Malm et al. (1994) and different jsca as a
function of RH for jsca of 0.46, 1.0, and 1.5. As
Figure 7 shows, f(RH) at large jsca has a larger f(RH).
The current study shows f(RH) is size-dependent and
different with jsca: Thus, the size distribution should
be considered in estimating f(RH). The analytic
expression from this study shows that jsca can be
quantitively expressed as a function of dg0 and GSD.
The obtained jsca and f(RH) can be applied three-
dimensionally. The detailed descriptions for three-

dimensional model simulation are provided in
Section 2.3.

The spatial comparison of jsca and f(RH) of ammo-
nium sulfate aerosol between the reconstructed
expression from Malm et al. (1994) and our param-
eterization was made over East Asia in Figure 8.
While the jsca of ammonium sulfate in the recon-
structed expression from Malm et al. (1994) is a con-
stant (jsca '0.46), regardless of aerosol size
distribution, the newly derived jsca in Equation (14)
has a more dynamic spatial distribution. For example,
the new jsca shows a lower value over the Northwest
Pacific Ocean. Upon comparing the size distribution
parameters, dg0 and GSD at accumulation mode
between the continent and ocean, the dg0 is smaller,
and GSD is larger over the ocean than those over the

Figure 5. Comparisons between Mie calculated and approxi-
mated jsca/j as a function of dg0 with different GSDs, when
(a) j¼ 0.3 and (b) j¼ 0.5. ( : GSD ¼ 1.3; : GSD ¼ 1.5;

: GSD ¼ 1.7; : GSD ¼ 2.5, solid line; Mie calculation,
dashed line: Approximation).

Figure 6. Comparisons of the f(RH) between Mie-calculated
and approximated solutions as a function of RH for different
size distributions.

Figure 7. Comparisons of the f(RH) between Malm et al.
(1994) and different jsca as a function of RH.
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continent. According to Figure 8, jsca decreases as dg0
and GSD increase. The lower values of jsca and f(RH)
around the sea are attributed to the high GSD value
compared with that over the continental region.
Figure 8 also shows that the currently derived f(RH)
yields lower values compared with f(RH) from Malm
et al. (1994). The degree of discrepancies between

Malm’s reconstructed approach and the current work
is attributed to aerosol size distributions because the
currently derived expression considers the size distri-
bution using the dg0 and GSD.

Figure 9 shows the vertical distributions of jsca and
f(RH) of ammonium sulfate aerosol from the recon-
structed expression of Malm et al. (1994) and our

Figure 8. Comparisons of the spatial distribution of jsca and f(RH) between the accumulation mode ammonium sulfate of the
reconstructed expression in Malm et al. (1994) and that in this study during KORUS-AQ periods (Bottom panel shows dg0 and GSD
of accumulation mode aerosol size distribution).
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parameterization. Similar to the spatial distributions
in Figure 8, while the vertical distribution of jsca from
Malm et al. (1994) is also constant, the currently
derived jsca shows different vertical distributions
depending on size distribution. Despite similar vertical
distributions, the vertical distributions between both
f(RH) are similar, and the newly derived f(RH) is
smaller than the reconstructed expression of Malm
et al. (1994).

4. Conclusions

In this study, approximated analytic expressions approx-
imating jsca and f(RH) were developed for polydisperse
aerosol sizes at a dg0 of 0.05–1mm with GSD ranging
from 1.3 to 2.5. Dry aerosol refractive indices of 1.35–
1.6 with j values of 0.1, 0.3, 0.5, 0.7, and 1.24 were con-
sidered. Results were compared with the Mie-calculated
results in the size range considered in this study.

jsca could be quantitively expressed at a given j as
a function of dg0 and GSD of a lognormal distribution
along with the refractive index. Our results showed
that the jsca decreases as dg0, GSD, and mr increase at
a given j. Finally, the comparison between the f(RH)
of the reconstructed method of Malm et al. (1994)
and that in this study was conducted for the results
during the KORUS-AQ intensive observation period
using CMAQ simulations. Compared with the f(RH)
of the reconstructed method by Malm et al. (1994),
which do not consider size distribution, the newly
developed f(RH) parameterization using the jsca for

polydisperse aerosol shows significant variations of
the f(RH), depending on particle size distribution.

The current aerosol module in the CMAQ model
has been developed in three lognormal modes
(Aitken, accumulation, and coarse) to minimize the
computational burden in aerosol calculation.
Nevertheless, high-resolved 3-D CTM simulation is
computationally expensive. Therefore, the application
of our parameterization to the CMAQ output can be
efficiently used to express size-dependent aerosol
optical properties.

In this study, we excluded the hygroscopic growth
of absorbing aerosol as most absorbing aerosols do
not have hygroscopic properties and assumed that
scattering enhancement is due to the hygroscopic
growth. However, it should be noted that some
absorbing particles, such as brown carbon and black
carbon with a core-shell aerosol mixture, also have
hygroscopicity and imaginary refractive index cannot
be neglected (Bain et al. 2019; Freedman et al. 2009;
Zeng et al. 2019). From a methodological point of
view, our approach can be extended to a case where
the imaginary part of the refractive index is not negli-
gible under the assumption of a fully homogeneous
internal mixture. The resultant approximated equation
should be expressed with imaginary refractive index-
related parameters. For core-shell mixtures, other vari-
ables, such as coating thickness and refractive index of
core and shell particles, should be considered separ-
ately. It should also be noted that our methodology

Figure 9. Comparisons of the vertical distribution of jsca and f(RH) between the accumulation mode ammonium sulfate of the
reconstructed expression in Malm et al. (1994) and that in this study during KORUS-AQ periods.

AEROSOL SCIENCE AND TECHNOLOGY 723



can be extended to other wavelengths. The coefficients
might be different for different wavelengths.

This study disregards Kelvin effects (Park and Lee
2000). The Kelvin effect for small particles will be
included in future studies. This study could not com-
pare jsca directly with previously reported values
based on observation because of the lack of informa-
tion regarding aerosol size distribution, and will be
also explored in a future study.

Finally, the expression obtained from this study can
be easily used to quantify the effects of aerosol size
distribution for studying hygroscopicity and the rela-
tion between aerosol optical and physico-chemical
properties. This approach can be efficiently used in
3D models, as it requires simplified parameterization
with a reduced computational burden.

Nomenclature
Abbreviations

GR growth factor
RH relative humidity
f(RH) aerosol light scattering enhancement factor
j single hygroscopicity parameter
jsca single hygroscopic optical parameter
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